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We present a unified framework for resonant absorption in periodic arrays of high index
semiconductor nanowires that combines a leaky waveguide theory perspective and that of photonic
crystals supporting Bloch modes, as array density transitions from sparse to dense. Full dispersion
relations are calculated for each mode at varying illumination angles using the eigenvalue equation
for leaky waveguide modes of an infinite dielectric cylinder. The dispersion relations along with
symmetry arguments explain the selectivity of mode excitation and spectral red-shifting of absorp-
tion for illumination parallel to the nanowire axis in comparison to perpendicular illumination.
Analysis of photonic crystal band dispersion for varying array density illustrates that the modes re-
sponsible for resonant nanowire absorption emerge from the leaky waveguide modes. VC 2014
AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4898758]
I. INTRODUCTION
Semiconductor nanowires have attracted much interest in
the field of photovoltaics in recent years. This growing interest
can be attributed to their numerous potential advantages over
a traditional planar device, including (i) reduction of material
usage, and thus cost, (ii) orthogonalization of the directions of
light absorption and carrier collection, enabling higher quan-
tum efficiencies for lower quality material,1,2 (iii) relaxation
of the lattice-matching requirement for tandem and multijunc-
tion devices via radial strain relaxation,3,4 and (iv) light trap-
ping phenomena that result in absorption enhancement.5–8
This study focuses on the light trapping properties of
semiconductor nanowire arrays, which arise from their sub-
wavelength features. Semiconductor nanowires and nano-
wire arrays can exhibit remarkable optical phenomena, such
as reduced reflectance,9–11 enhanced absorption,12–15 and
spectral selectivity,16–18 which arise due to efficient coupling
into discrete photonic modes. For individual nanowires, the
photonic modes have been identified as leaky waveguide
modes,6,16 which are resonantly excited via illumination per-
pendicular to their axis. These modes are well-defined and
well understood. For nanowire arrays, mode identification is
less straight forward, due to the introduction of periodicity;
absorption enhancements in nanowire arrays have been
attributed to both leaky waveguide modes of individual
nanowires19–22 and photonic crystal Bloch modes.12,23–26
Previous reports have examined a wide variety of array
dimensions, nanowire geometries, and illumination angles,
which also exhibit varying dominant mode resonances.
In this paper, we present a comprehensive explanation for
resonant absorption into the leaky waveguide modes of semi-
conductor nanowires at varying illumination angles and the
evolution of these modes into photonic crystal Bloch modes
of nanowire arrays. The following analysis is performed on
silicon nanowires (r¼ 75 nm and L¼ 2lm). We note that the
lower absorption arising from the indirect bandgap of silicon
facilitates distinction between modes closely spaced in fre-
quency, but the conclusions are relevant for any high aspect
ratio semiconductor nanowires, including direct bandgap
materials (e.g., III-V compound semiconductor).
II. RESULTS AND DISCUSSION
A. Individual nanowires
A single semiconductor nanowire is a cylindrical dielec-
tric waveguide with loss at frequencies above the band edge
due to material absorption. From free space, the leaky modes
of a cylindrical waveguide are accessible and result in reso-
nant absorption due to field confinement in the high index
wire. These leaky mode resonances are defined by Eq. (1), the
eigenvalue equation for an infinitely long dielectric cylinder
surrounded by air, derived from Maxwell’s equations27–29
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where m is the azimuthal mode order, a is the cylinder ra-
dius, ecyl is the complex permittivity of the cylinder, k0 is the
a)Author to whom correspondence should be addressed. Electronic mail:
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free space wavevector, kcyl and kair are the transverse compo-
nents of the wavevector inside and outside of the cylinder,
respectively, kz is the wavevector along the cylinder axis,
and Jm and Hm are the mth order Bessel and Hankel functions
of the first kind, respectively. Through basic substitutions,
this equation can be written in terms of k0 and kz, which
describe the dispersion of each mode. Leaky waveguide
modes are classified based on their azimuthal mode number,
m, their radial mode number, n, which arises from the oscil-
latory behavior of the Bessel functions, and their polariza-
tion. Their polarization can be either TM (transverse
magnetic, Hz¼ 0), TE (transverse electric, Ez¼ 0), HE (mag-
netoelectric, TM-like), or EH (electromagnetic, TE-like).
The only modes that are strictly TE or TM for arbitrary
wavevector are the 0th order azimuthal modes, TM0n and
TE0n, and their solutions are found by setting the first and
second term of the right hand side of Eq. (1) equal to zero,
respectively. For m> 0, the HE and EH mode solutions can
be found by selecting the (þ ) and () on the left hand side
of the equation, respectively. The solutions to the eigenvalue
equation (k0(kz)) are complex, where the real parts are indic-
ative of the resonant wavelength and propagation constant
and the imaginary part is indicative of the radiative loss of
the mode, which for a lossless dielectric is a measure of the
accessibility of a mode from free space and approaches zero
(becoming inaccessible) as the mode transitions from leaky
to guided (kz ! 0 as kair ! 0).30 For a lossy dielectric, kz is
also a measure of the absorptive loss.
1. Illumination perpendicular to wire axis
The simplest case for analysis of this eigenvalue equa-
tion is illumination perpendicular to the nanowire axis. In
this case, kz is zero, the left hand side of the equation
becomes zero, and all modes become either completely TM
or TE, for any azimuthal order, m. As for the case of m¼ 0,
described above, setting the 1st term (2nd term) of the right
hand side of Eq. (1) equal to zero gives the TM (TE) modes.
Table I summarizes the normalized eigenvalues, k0r, for a
dielectric cylinder with a constant and real, index, ncyl¼ 4. It
is instructive to schematically analyze the mode eigenvalues
for a real and constant index rather than a complex varying
index of a real material such as silicon in order to make a
fair comparison between two eigenmodes, specifically
between their imaginary parts which become a convolution
of radiative loss from the mode and absorption loss in the
material when a complex index is used.
In general, the real part of the eigenvalue increases and
the imaginary part of the eigenvalue decreases with
increasing mode number, which indicates that higher order
modes occur at higher frequencies (shorter wavelengths) and
have less radiative loss, or in another light, are more difficult
to couple to from free space, which implies smaller total
absorption and smaller spectral width.30
To demonstrate the validity of the above analysis, we
simulated absorption of a 75 nm radius silicon nanowire
when illuminated perpendicular to its wire axis using full
wave finite integration methods and a complex refractive
index for Si. Figure 1 shows absorption efficiency, Qabs, of
the silicon nanowire (defined as its absorption cross section
normalized to its physical cross section) as a function of
wavelength for both TE- and TM-polarized incident light,
with the spectral positions of leaky waveguide mode
resonances within the 400–900 nm range indicated above
along with profiles of the electric field intensity, jEj2, for the
nanowire cross section at the resonant wavelengths for
the TM11, TM21, TM12, TE01, and TE11 modes. The inset of
Fig. 1 illustrates the orientation for TE-polarization. In their
displayed orientation, the light is first incident on the left
side of the field profiles, causing them to be slightly distorted
due to material absorption. The distortion is more prominent
at shorter wavelengths where silicon absorbs more strongly.
The peak spectral positions in Fig. 1 indicate that each of the
modes predicted from Eq. (1) is excited; a subset of their
field profiles is displayed at the top of Fig. 1 for visual verifi-
cation of coupling into the predicted mode. The field profiles
of these modes as determined from analytic theory can be
TABLE I. Leaky waveguide mode eigenvalues, k0r, for a dielectric cylinder
with n¼ 4.
n¼ 1 n¼ 2
M TE TM TE TM
0 0.58–0.041i 0.20–0.089i 1.36–0.056i 0.99–0.068i
1 0.91–0.044i 0.58–0.041i 1.73–0.063i 1.36–0.056i
2 1.23–0.016i 0.93–0.013i 2.05–0.069i 1.72–0.036i
FIG. 1. Simulated absorption efficiency vs. wavelength for a silicon nano-
wire (r¼ 75 nm) illuminated perpendicular to its axis for both TE- (blue)
and TM-polarized (green) light, with the inset showing the orientation for
the TE-polarization; spectral positions of leaky mode resonances within the
400–900 nm wavelength range are indicated above accompanied by
the observed electric field intensity profiles at the resonant wavelengths for
the TM11, TM21, TM12, TE01, and TE11 modes.
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found in Refs. 16 and 27–29. Peak spectral widths are
smaller for higher order modes, as expected from the imagi-
nary parts of the eigenvalues that decrease with increasing
mode order. The overall absorption efficiency into each
mode is influenced more strongly by the rapidly changing
absorption coefficient of silicon, than by its eigenvalue.
2. Illumination parallel to the nanowire axis
For photovoltaic applications, vertically oriented nano-
wires are of primary interest, motivating analysis of illumi-
nation parallel to the nanowire axis. Figure 2 displays a plot
of absorption efficiency vs. wavelength for a silicon nano-
wire (r¼ 75 nm and L¼ 2 lm) illuminated parallel to its
axis, with insets of the electric field intensity profiles for the
nanowire cross section at the wavelengths of the two domi-
nant absorption peaks at 445 nm and 800 nm. The closely
spaced oscillations that becomes prominent when the absorp-
tion coefficients of silicon decreases dramatically beyond
550 nm are due to Fabry-Perot resonances, which are a prod-
uct of the finite length of the wire. From the field profiles, it
is clear that the peaks at the 445 nm and 800 nm can be
attributed to the HE12 and HE11 leaky waveguide modes,
respectively. The field profiles of these modes as determined
from analytic theory can be found in Refs. 27–29. Note that
these modes are related to the TM12 and TM11 modes from
Subsection II A 1, but the introduction of a finite kz results in
the mode no longer being completely transverse magnetic.
For the case of an incoming wavevector aligned per-
fectly parallel to the nanowire axis (kz¼ k0), the transverse
wavevector in air, kair, becomes zero and the eigenvalue
equation is ill-defined as the leaky modes transition into
guided modes and are no longer accessible from free space.
However, near the nanowire, the wave front of the free space
plane wave is perturbed by the high index nanowire, intro-
ducing transverse components to the wavevector and ena-
bling coupling into leaky waveguide modes. The overlap
between the initial symmetry of the electric field of the
incoming plane wave and that of the in-plane electric field of
the HE1m modes explains the preferential coupling into the
HE11 and HE12 modes at normal incidence.
22,31 At other
angles of incidence, this symmetry is broken and resonant
absorption peaks for other leaky waveguide modes appear.
It is also interesting to note that the peak position of
both the HE11 (800 nm) and the HE12 (445 nm) modes at par-
allel incidence are slightly red-shifted from those of the
TM11 (765 nm) and TM12 (430 nm) modes at perpendicular
incidence. This phenomena can be explained via the calcula-
tion of the full dispersion relation of the leaky waveguide
modes, k0(kz). Figure 3 displays the real parts of the disper-
sion relation for the TM-polarized modes, overlaid with the
light line (k0r¼ kzr) beyond which leaky modes transition to
guided modes and are inaccessible from free space. The cal-
culations were performed for a silicon nanowire with a ra-
dius of 75 nm, using the full complex refractive index of
silicon. These dispersion curves illustrate the dependence of
resonant wavelength, k0¼ 2p/k, on angle of incidence, h,
which we can relate to kz with a simple cosine relation:
kz¼ k0 cos(h), so that kz¼ 0 is illumination perpendicular to
the wire axis and kz¼ k0 is illumination parallel to the wire
axis. The TM-polarized modes with m> 1 are fairly flat,
indicating minimal dependence of the spectral resonance on
angle of illumination. The TM modes with m 1 are fairly
flat for small values of kz, but become significantly perturbed
as kz approaches k0. Specifically, the resonant position of the
HE11 and HE12 modes shifts to lower frequencies or, equiva-
lently, longer wavelengths. This case of kz near k0 is relevant
for illumination parallel to the nanowire axis and explains
the red-shift in peak positions of the HE11 and HE12 relative
to those for illumination perpendicular to the nanowire axis.
B. Nanowire arrays
Vertically oriented nanowire arrays are the most rele-
vant arrangement of nanowires for photovoltaic applications.
Therefore, the next step in our analysis is to introduce perio-
dicity. Fig. 4 displays simulated absorption vs. wavelength
for a square-lattice array of silicon nanowires (r¼ 75 nm and
L¼ 2lm) with 1000 nm spacing illuminated parallel to the
nanowire axis, accompanied by the electric field intensity of
the nanowire cross section at the two absorption peaks
(440 nm and 775 nm). The absorption curve is qualitatively
similar to the absorption efficiency curve of the individual
FIG. 2. Simulated absorption efficiency vs. wavelength for a silicon nano-
wire (r¼ 75 nm and L¼ 2 lm) illuminated parallel to its axis (TEM polar-
ization), with the inset showing the orientation and the electric field intensity
profiles at the two main absorption peaks displayed above.
FIG. 3. Dispersion relation, k0r(kzr) for the TM-polarized eigenmodes of a
silicon nanowire with radius of 75 nm.
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nanowire (Fig. 3), with two dominant absorption peaks and
closely spaced sharp oscillations beyond 550 nm. The elec-
tric field intensity profiles reveal that the absorption peaks
correspond to resonant absorption into the HE11 and HE12
modes, as before, and the sharp oscillations are again attrib-
uted to Fabry-Perot resonances of the nanowire. These
results indicate that leaky waveguide mode theory of individ-
ual wires is sufficient to describe sparse nanowire arrays.
Conceptually, the existence of leaky waveguide modes
of single nanowires within an array is not obvious. A peri-
odic array of nanowires is a 2D photonic crystal and thus any
mode that propagates in the periodic plane is by definition a
photonic crystal mode. To join these two concepts, we pro-
pose an extension of the analogy of the electronic crystal to
the photonic crystal.32 As isolated atoms move together to
form a crystal, the isolated electronic energy levels of a
single atom transition to electronic bands of a crystal. For
atomic spacing, the isolated energy levels of a single atom
are only slightly perturbed by the crystal lattice. Similarly,
when inter-nanowire spacing is large, the isolated photonic
modes of a nanowire are only slightly perturbed by the nano-
wire “lattice.”31,33,34
To demonstrate this analogy, Fig. 5(a) displays the pho-
tonic crystal band diagrams for silicon nanowire arrays
(r¼ 75 nm) with a lattice spacing of 150 nm (close-packed)
and 250 nm. At larger spacings, the density of air mode
bands becomes too high to distinguish them from the leaky
waveguide modes that are localized around the nanowire.
These band structures are overlaid with the frequency posi-
tions of the TM11, TM21, and TM12 leaky waveguide modes
(black, flat lines), and the electric field intensity profiles for
the photonic crystal bands nearest the leaky waveguide mode
resonances are displayed to the side. Independent of nano-
wire spacing, the mode profiles of the bands nearest the
leaky waveguide mode resonances correspond with the
expected field profiles for the leaky waveguide modes, indi-
cating that these are indeed the same photonic modes as for
the single nanowire. Additionally, for the larger nanowire
spacing, 250 nm, the photonic crystal bands corresponding to
the leaky waveguide modes are nearly flat, indicating very
weak dependence on the periodicity of the lattice. As the
nanowire spacing decreases, these bands curve, indicate per-
turbation of the modes by the lattice. This perturbation is
expressed in the mode profiles, which is more confined for
close-packed nanowires.
A recent publication from Sturmberg et al. provides a
more rigorous mathematical treatment of the connection
between leaky waveguide modes and Bloch modes, which
corroborates the above analysis.34 They derive a modified
version of the leaky waveguide eigenvalue equation for the
first order (m¼ 1) modes that accounts for nearest neighbor
FIG. 4. Absorption vs. wavelength for a square-lattice array of silicon nano-
wires (r¼ 75 nm and L¼ 2 lm) with 1000 nm spacing illuminated parallel to
the nanowire axis, with inset for orientation and electric field intensity pro-
files at the absorption peaks displayed above.
FIG. 5. Photonic crystal band diagrams for silicon nanowire arrays (r¼ 75 nm) for lattice spacings, a¼ 150 nm (close-packed) and a¼ 250 nm, overlaid with
the positions of the TM11, TM21, and TM12 leaky waveguide modes (black, flat lines); electric field intensity profiles for the photonic crystal bands nearest the
leaky waveguide mode resonances are displayed to the side.
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interactions in infinitely periodic nanowire arrays. This
eigenvalue equation is reproduced here, generalized for all
mode orders, where S0 is the first coefficient of the Rayleigh
identity for an infinite lattice, representing the nearest neigh-
bor interactions within the lattice
ecyl
kcyl
J0m kcylað Þ
Jm kcylað Þ 
1
kair
H0m kairað Þ þ S0J0m kairað Þ
Hm kairað Þ þ S0Jm kairað Þ
 !
 1
kcyl
J0m kcylað Þ
Jm kcylað Þ 
1
kair
H0m kairað Þ þ S0J0m kairað Þ
Hm kairað Þ þ S0Jm kairað Þ
 !
¼ 6 1
k2cyl  k2air
 !2
kzm
k0a
 2
: (2)
For sparse arrays of nanowires, coupling between nanowires
is weak and, thus, S0 is small; in the infinitely dilute limit, S0
approaches zero and the modified eigenvalue equation for a
nanowire array (Eq. (2)) reduces to the original waveguide
eigenvalue equation for an individual nanowire (Eq. (1)). A
positive value for S0 indicates constructive interference of
the fields of neighboring nanowires at their interfaces, and,
conversely, a negative value indicates destructive interfer-
ence. For S0¼ 0.5 (constructive interference), kz¼ 0 and a
constant, real index material (n¼ 4), the eigenvalue of the
TM11 mode shifts from 0.58–0.041i (Table I) to 0.57–0.058i,
revealing a red-shift in the resonant wavelength (10 nm for
a 75 nm radius nanowire) and an increase in the radiative
loss of the mode, indicating a decrease in mode confinement.
Larger, positive values of S0 result in larger shifts in the
same directions.
Conceptually, the red-shift and reduction in mode con-
finement emulates the effects of an increase in the refractive
index of the surrounding medium; this apparent increase in
refractive index of the surrounding medium is a localized
effect at the nanowire interface due to the constructive inter-
ference of the fields. The opposite trend (blue-shifting and
increased confinement) is observed for negative values of S0,
stemming from the destructive interference of fields and a
localized apparent decrease in the refractive index of the me-
dium. For a given structure, S0 varies with k-vector, and
therefore, the photonic crystal Bloch mode band can be blue-
and red-shifted with respect to the leaky waveguide mode to
which it corresponds (Fig. 5). As array density increases, the
magnitude of S0 increases due to stronger inter-nanowire
coupling and, consequently, the photonic crystal Bloch mode
band becomes more dispersive. This effect can be observed
in Fig. 5 through the increased band-bending and confined
field profiles of the close-packed nanowire arrays.
III. CONCLUSION
We have related the leaky waveguide modes of individ-
ual nanowires to absorbing modes of a 2D photonic crystal
nanowire array, and demonstrated their role in absorption
enhancements observed in nanowire arrays. The spectral
positions of the leaky waveguide mode resonances were pre-
dicted using an eigenvalue equation derived from Maxwell’s
equations using analytic waveguide theory. The full
dispersion relations derived from this equation explained the
red-shifting of the HE11 and HE12 modes when illumination
changed from perpendicular to parallel to the nanowire axis,
and symmetry arguments explained the dominant coupling
of a plane wave incident parallel to the nanowire axis into
the HE11 and HE12 modes only. The leaky waveguide modes
of individual nanowires are minimally perturbed by the addi-
tion of a lattice with large spacing, and thus, leaky wave-
guide mode theory can be used to describe the absorption
behavior of sparse nanowire arrays.
IV. METHODS
All simulations were carried out in Lumerical FDTD
(Finite Difference Time Domain), a full-field electromag-
netic wave solver. The built-in Palik material data were used
for silicon and all simulations were single wavelength to
avoid inaccuracies from polynomial fits to the material data.
For simulations with illumination perpendicular to the nano-
wire axis, 2D simulations were used and the nanowires were
modeled as infinitely long cylinders. Perfectly matched layer
(PML) boundary conditions were used on all sides to emu-
late infinite space. Simulations were carried out for wave-
lengths between 400 and 900 nm, every 1 nm. For
illumination parallel to the nanowire axis, full-3D simula-
tions were used. PML boundary conditions were used in all
directions for the case of an isolated nanowire; for nanowire
arrays, PML boundary conditions were used in the vertical
z-direction and Bloch boundary conditions were used in the
x- and y-directions to construct infinitely periodic square lat-
tice arrays. Simulations were carried out for wavelengths
between 400 and 900 nm, every 5 nm. Nanowire absorption
was calculated using a transmission box around the nano-
wire. Absorption efficiencies for the single nanowire were
calculated by normalizing absorption to the geometric cross
section of the nanowire. Electric field intensity profiles for
all simulations were recorded spatially using field and power
monitors.
Photonic crystal calculations were performed using 2D
simulations with Bloch boundary conditions to simulate infi-
nite periodic arrays of nanowire structures in two dimen-
sions. The band structure was calculated by determining the
resonant frequencies present at each point in a parameter
sweep of the photonic crystal wave vector, k. At each
k-point, an individual, broadband simulation was performed
for 0–750 THz. The mode excitation source was randomly
positioned and randomly oriented dipoles with TM polariza-
tion were used. Time monitors collected the fields. Fast
Fourier transform methods were used to compute the modal
frequencies from the time domain field data. Mode profiles
were calculated separately by exciting the system with a spe-
cific k-vector and frequency from a single TM-dipole source.
The electric field profile across the unit cell was captured
using a single, frequency-domain field monitor. A modified
silicon material with an imaginary index of zero was used to
mitigate rapid material absorption loss in the silicon and ena-
ble clearer Fourier transforms in the band structure calcula-
tion. The real index was unperturbed. For consistency, this
material was also used for the mode profiles.
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